In this paper, we will give a new construction of certain cusp forms on GL(2) over a rational function field. The forms which we construct are analogs of holomorphic modular forms, in that the local representations at the infinite place are in the discrete series. The novelty of our approach is that we are able to give a very explicit construction of these forms as certain 'Poincaré series.' We will also study the exponential sums which arise in the Fourier expansions of these Poincaré series.
SUPERCUSPIDAL REPRESENTATIONS AND POINCARÉ SERIES OVER FUNCTION FIELDS DANIEL BUMP AND SHUZO TAKAHASHI
Abstract.
In this paper, we will give a new construction of certain cusp forms on GL(2) over a rational function field. The forms which we construct are analogs of holomorphic modular forms, in that the local representations at the infinite place are in the discrete series. The novelty of our approach is that we are able to give a very explicit construction of these forms as certain 'Poincaré series. ' We will also study the exponential sums which arise in the Fourier expansions of these Poincaré series.
In this paper, we will give a new construction of certain cusp forms on GL(2) over a rational function field. The forms which we construct are analogs of holomorphic modular forms, in that the local representations at the infinite place are in the discrete series. The novelty of our approach is that we are able to give a very explicit construction of these forms as certain 'Poincaré series. ' We will also study the exponential sums which arise in the Fourier expansions of these Poincaré series. The particular forms which we will construct are lifts from GL(\) over the unique nonramified quadratic extension of the global field which arises from extension of the finite field of constants, and indeed, they have been considered before by Gekeler [1] . We expect that the Poincaré series construction will apply to general automorphic forms over function fields with a supercuspidal representation at infinity. The construction is also valid over the metaplectic group. However, we shall not consider these topics here.
Let E/F be a quadratic extension of global fields. Let AF and AE be the corresponding adele rings, and let v be a Grössencharacter of E. As usual, we may regard v as a character of the idele class group Ag/Ex of E, which is a subgroup of index two in the relative Weil group WE¡F . By Jacquet and Langlands [2, Proposition 12.1], if v does not factor through the norm map Ag -> AF , the two dimensional representation of WE¡F induced from v corresponds to an automorphic cuspidal representation n(v) of GL(2, AF).
Let F* be a finite field of odd cardinality q, and let is» be its unique quadratic extension. Let F = Ft(T) and E -E*(T) be the corresponding fields of rational functions in one variable T. A special role will be played by the two places of this field corresponding to the points T = 0 and T = oo on the rational curve, and by abuse of notation we will denote these two places as 0 and co, respectively. Let v* be a character of is * . We will make the assumption that v" is trivial on F* but nontrivial on the kernel of the norm map is * -► F* . We may describe a Grössencharacter of E as follows. Let RE = E*[T] be the ring of polynomials. We will describe a character of ideals in RE which are prime to T. As usual, such a character may be associated with a character of the idele class group, and by a common abuse of notation, we will use the same letter v to denote these two characters, of ideals and of idele classes. An ideal a of RE which is prime to T has a unique generator A(T) £ Et [T] which is monic; we define v(a) = (-l)de* A ut(A(0)).
This Hecke character has the property that its restriction to F is the quadratic character of the extension E/F , and consequently the automorphic representation n(v) will have trivial central character; that is, will be an automorphic representation of G(AF), where G denotes the algebraic group PGL (2) .
The usual construction of n(v) is by means of the Weil representation. However, we will give an alternative construction by means of a Poincaré series. We will associate with v a supercuspidal representation p of GL(2, F*((t))), where / is an indeterminate and Ft((t)) is the field of formal power series. We will prove that there exists a unique automorphic representation of GL(2, AF) which is unramified at every place except T = 0 and T = oo, and which is isomorphic to p at these places under the specializations / = T and t=T~x. The method of proof of this theorem is entirely elementary, based on Mackey theory. The proof also leads directly to the construction of the Poincaré series. Since the cuspidal automorphic representation n(y) constructed by means of the Weil representation agrees with this characterization, we see that the Poincaré series must lie in the subspace n(v) of L2(Gf\Ga) ■ We will consider the problem of directly computing the Fourier coefficients of these Poincaré series. The eigenvalues of the Hecke operators are known, because of the identification of the corresponding automorphic representation as n(v). However, the proof that this Poincaré series corresponds to 7i(^), which is contained in the proof of Theorems 1.3 and 1.4, in contradistinction to the entirely elementary proofs of Theorems 1.1 and 1.2, depends upon some machinery. Although we thus know these eigenvalues in advance, it is nevertheless of interest to us to give a direct and elementary calculation of the Fourier coefficients which does not make use of the Weil representation. We will succeed in directly evaluating the Hecke eigenvalues indexed by primes of degree < 4. This leads to some very interesting exponential sum calculations.
The result that the Poincaré series which we construct may be also constructed by means of the Weil representation is also a consequence of Gekeler [1, Satz 2.2] . That paper contains a rather thorough discussion of automorphic forms of small conductor over rational function fields. He shows there are no cusp forms with conductor a divisor of degree < 4, and he classifies the cusp forms of conductor a divisor of degree precisely 4. (In the case which we consider here, the conductor is the divisor 2 • (0) + 2 • (cxo).) As a result of this classification, he is able to show that all cusp forms with conductor of degree four come from the Weil representation. Although the particular automorphic forms which we construct in this paper have thus been previously considered, nevertheless their construction here as Poincaré series appears to be new. This construction will work for automorphic forms over function fields whenever the infinite component(s) are supercuspidal. Moreover, the construction is also valid over the metaplectic group.
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A SUPERCUSPIDAL REPRESENTATION AND A POINCARÉ SERIES
We will consider functions on both GL(2) and PGL (2) , and it will be convenient to use different notations for matrices to distinguish the two groups. Thus we will denote by {c d) and by a b c d
an element of GL (2), and the corresponding coset in PGL (2), respectively. Kutzko [3] gave definitive results on the construction of supercuspidal representations of GL(2) over a local field as induced representations. Although our Theorem 1.1 is contained in the results of Kutzko, we will prove what we need from scratch to emphasize the elementary nature of the result, and the symmetry between the proofs of Theorems 1 and 2, both of which are based on Mackey theory.
First let Em/Foe be a nonramified quadratic extension of nonarchimedean local fields, and let E*/F* be the corresponding quadratic extension of residue fields. Let i/» be a character of is * which is nontrivial on the kernel of the norm map is* -► F»* . Following Piatetski-Shapiro 
The action is by right translation: 
where e is the identity element of G(F00). Then it follows from the abovementioned properties of fg>v that for k, k' £ G(cfx), we have
The intertwining operator L may be reconstructed from A because for f £ Vp,
Hence it is sufficient to show that the space of functions A satisfying (1.1) is one dimensional. First let us show that (1.1) implies that the function A is supported on G(¿foo) • By the p-adic Cartan decomposition, a complete set of double coset representatives for G(cf00)\G(F00)/G(cf00) consists of the matrices 1 w
where n > 0. Here tu is a local uniformizing parameter. We will show that A(/") = 0 unless n = 0. If n > 0, then consider that
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Let x £ cfoo , and let x denote the image of x £ Ft, and let
Then (1.1) implies that Poo(n) ° A(t") = A(tn). Hence for v £ V*, A(t")v is fixed by the group of upper triangular unipotent elements of G(F+), and since p* is cuspidal, this implies that A(tn)v -0. Therefore A is supported on (j^oo), and A is completely determined by the value of A(e). But by (1.1), A(e) commutes with the action of (/(¿foo), and so by Schur's Lemma is a scalar endomorphism of V*. This proves that the space of A satisfying (1.1) is one dimensional, and hence that p is irreducible. Now we prove that p is supercuspidal. It is sufficient to show that if T is any linear functional on Vp such that . Then T is a discrete subgroup of G(F00), and the quotient has finite volume. We may ask whether p occurs in L2(T\G(F00)), but it will follow from Theorem 1.2 below that it does not. We ask therefore a slightly more general question. Let ot : G(F*) -> Endc(i/*) be another irreducible representation of this finite group. The residue map RF -> F» determined by T >-+ 0 induces a homomorphism F -* G (F,). Let <7r denote the pullback of cr, to T under this homomorphism. Let L2(F\G(F00), or) be the space of functions <p : G(F00) -* U* which satisfy <p(yg) = <7r(y) <f>(g) > and which are square integrable modulo T. Indeed, we consider the space of RF -lattices in F¿ . Each lattice is determined by its localizations, so G(A) acts on this space. The stabilizer of the standard lattice RF is G(Foo) YlV9ÍOOG(cfv), and so we may identify the space of lattices with the space of cosets G(A)/G(F00) ü^oo G(cfv). Now since RF is a principal ideal domain, the action of G(F) on lattices is transitive, whence (1.6).
We will now construct an isomorphism Proof. It will be convenient to adopt the adele language for the proof of this theorem. Let n = n(u) be the automorphic representation described in the introduction. It is easy to see that the Hecke eigenvalues associated with n are as described in this theorem, and so it is sufficient to show that n agrees with the automorphic representation of Theorem 1.3. Evidently n is unramified except at 0 and oo, and so it is sufficient to show that 7too = p and no = p'. Let us assume for definiteness that v = oo-the other case is clearly identical. By Frobenius reciprocity, HomG(Fx)(p, Ttoo) S HoniG^^oo, a«,) , and we will show that this space of intertwining operators is nonempty. This will prove that p = ttoo , as required. The local component ^oo is then the representation of Foo = F»((F-1)) which agrees with the lift of v* to the local units, and such that iAx>(F~') = -1. Recall that n is constructed by means of the Weil representation, and by Propositions 12.1, 4.6 and 1.5 of [2] , the local component n^ has the following description. We will denote by x h-> x the Galois automorphism of F,» over Fqo , so that x = xq if x £ F,. Let ip* be an additive character of F,, and let y/ be the additive character of F given by KE^7^*) = íM^o), a¡ £ F,. It is easy to see the following three facts: which is elliptic since P(T) is irreducible. Thus, using the known values of the character x*, which were described at the beginning of §1, Thus,
For polynomials of degree 4, we need one additional lemma concerned with the evaluation of an exponential sum. Lemma 2.9. Let P(T) = TA+X3T3+X2T2+XxT+Xo be an irreducible polynomial over RF,and P(T) = PX(T)P2(T) be the factorization of P(T) over RE. 
